This paper extends the option betas presented by Cox and Rubinstein (1985) and Branger and Schlag (2007). In particular, we show how the beta of the underlying asset affects both an option's covariance beta and its asset pricing beta. In contrast to Branger and Schlag (2007), the generalized option betas coincide if the options are evaluated according to the CAPM option pricing model of Husmann and Todorova (2011) . The option betas are presented in terms of BlackScholes option prices and are therefore easy to use in practice.
Introduction
In continuous time settings, the option beta of [1] based on the [2] pricing model properly reflects the risks inherent in options. However, since empirical studies focus on discrete return intervals, the utilization of continuous-time betas may give rise to a distortion of an unknown magnitude. For example, [3] examine the expected option returns under very general assumptions. For building zero-beta index straddles, [3] employ the instantaneous version of beta and present empirical evidence that option returns appear to be other than theoretically expected. One possible explanation for these findings might be the incorrect application of a non-discretized risk measure 1 . Based on Black-Scholes option prices, [6] present closed-form expressions for discrete-time option betas. In particular, they distinguish between an asset beta, which is important for asset pricing, and a covariance beta, relevant mostly for hedging purposes. Furthermore, they show that, unlike the instantaneous beta of [1] derived from the continuous-time arbitrage-free perspective, the discrete-time betas depend explicitly on the expected rate of return on the underlying asset. The differences between discrete-time and continuous-time option betas are also likely to be of a significant magnitude. However, in the limit, when the individual planning horizon becomes very short, all types of betas coincide. This paper extends the option betas presented by [1, 6] . The starting point is the CAPM option pricing model of [7] , where the length of the individual planning horizon is a determinant of an option's value. In particu-lar, we show how the beta of the underlying asset affects both an options's covariance beta and its asset pricing beta. However, in contrast to [6] , the generalized option betas are shown to coincide if the options are evaluated according to the CAPM option pricing model. We pre-sent all option betas in terms of Black-Scholes option prices. Therfore, they are easy to use in practice.
This paper is organized as follows. Section 2 presents the assumptions and notation used. Section 3 summarizes the theoretical results about CAPM option pricing in discrete time. In Section 4, we present closed form solutions for option betas and compare them to the option betas of [1, 6] . Section 5 concludes.
Assumptions and Notation
The assumptions and notation used in this study are exactly the same as those in [7] . In brief, we use the default assumptions of the CAPM, and additionally assume that the instantaneous rate of return on any asset and the market portfolio have a joint normal distribution.
We use the following notation throughout this paper: h Investor's planning horizon Furthermore, we consider a call option on a non-dividend asset S expiring at time s when the investor's planning horizon extends to time . The investor's planning horizon may be equal to or shorter than the time-to-maturity of the option. We denote the remaining time-to-maturity of the option as
and the length of the planning horizon as . For the difference between the investor's planning horizon and the time-to-maturity of the call, we write . Our aim is to determine the discrete-time beta of an option at time 0.
h t h
As usual in option pricing theory, we assume that options, underlyings, and risk-free assets are traded in the market during an option's remaining time-to-maturity. However, we assume that investors in general do not aim to replicate an options payoff by continuously trading the underlying and a risk-free asset. Reasons for this might be transactions costs, bid-ask spreads, or insufficient market liquidity; moreover, if equity is characterized as an option on the company's assets the underlying does not trade at all. Therefore, we assume that options are not traded at Black-Scholes prices but at discrete-time CAPM option prices according to [7] which include Black-Scholes prices as a limiting case. Due to this assumption our analysis of discrete-time option betas is more general than the one of [6] .
To clearly arrange our analytical results, we use the following notation for the Black-Scholes price of a call with time-to-maturity  when the price of the current asset 0 is replaced by and the strike price is replaced by
where
In the following, we use some auxiliary variables. Equation (1) C are used to describe the resulting values of (1) . Notice that Equation (1) is linear in and
The Lognormal CAPM in Discrete Time

Security Market Line in a Lognormal Market
The security market line of the CAPM in discrete time is
With the given parameters, for a bivariate normal distribution of rates of return on the market , and the underlying asset 
as the asset's pricing beta, and 
as the asset's covariance beta 2 . Note that we define the parameter  as the rate of return of the expected value, whereas  is also used in the literature to identify the expected rate of return. If the latter definition is preferred,  must be replaced with 2 2    throughout this paper. Of course, since both the asset pricing beta and the covariance beta depend on the expected return of an asset we cannot use (2) to explain returns in a lognormal market. However, setting (3) and (4) 
Of course, if (5) holds in the market, an asset's pricing beta (3) and its covariance beta (4) coincide, and they are equal to one if 
Therefore, in continuous-time , the security market line (5) is
the well-known intertemporal CAPM of [8] . However, [9] , addressing the relevance of the discrete-time analysis, remarks that "the continuous-time solution is a valid approximation to the discrete-time solution, and its accuracy is a function of the actual structure of returns and the length of the 'true' discrete-time interval. I thought to argue for the superiority of discrete-time analysis over the continuous analysis because discrete-time includes continuous time as a limiting case". [7] extend the option pricing equations of [2,10], and [11] . In particular, they show that, besides the option's time-to-maturity, the individual planning horizon is a determinant of an option's value in discrete time as well. The generalized pricing equations can be presented in terms of the Black-Scholes option values. 
CAPM Option Pricing in a Lognormal Market
Here,  describes the market price per unit risk for the investor's planning horizon. In the following, it is assumed that the investor's planning horizon is shorter than or equal to the time-to-maturity of the option 
Inserting (9) and (10) into (8) yields the CAPM option pricing model of [7] 4 , 
In risk-neutral settings, 
Discrete Option Betas
An Option's Pricing Beta
The definition of an option's asset pricing beta with respect to the holding period is 
Furthermore, with recourse to (3), (13) 
[1,6] derive option betas where the options are evaluated at the Black-Scholes option price (1) and not at the more general CAPM valuation Equation (8), which includes [2] as a special case. Accordingly, to achieve their results, the current call price has to be replaced in (14),
Furthermore, the option prices at the end of the holding period also have to be replaced. Thus, we split the option's time-to-maturity as follows. 
For the remaining period 
applies to the remaining period , 
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Now, let's consider two special cases of (17). If the planning horizon becomes very short , we can apply L'Hôspital's rule and (6) to achieve
where, if the lognormal security market line (7) 
and   0 , C S K S 0   is equal to the option's delta.
Therefore, in continuous time, the beta of an option with respect to the market is given by the beta of its underlying asset times the elasticity of the option price with respect to the stock price. This is a well known result of [1] 5 .
In discrete time   
An Option's Covariance Beta
The definition of the discrete covariance beta is 0 , ,
where, in a lognormal market, 
Using (10) and (22), (21) 
Using (4) 
Equality of an Option's Asset Pricing and Covariance Beta
An option's asset pricing beta can easily be converted to its covariance beta. Inserting (11) into ( 
Using the definition of  in (8) and the definition
which is equal to the covariance beta (23). Hence, in contrast to [6] , an options's asset pricing beta and its covariance beta coincide if options are evaluated according to the CAPM option pricing model of [7] .
Conclusions
Adequate risk measures are essential for both hedging and performance evaluation. This paper extends the option betas presented by [1, 6] . Whereas [1] present continuous-time option betas, [6] analyze discrete-time option betas with respect to the stock price and the Black-Scholes option prices. They distinguish between the concepts of a covariance beta, which is based on the covariance between stock and option price changes, and an asset pricing beta, which is related to the option's expected returns.
We utilize a more general, lognormal option pricing equation, which explicitly incorporates the planning horizon and the investors' expectations about the development of the underlying asset and the market portfolio, and show how the beta of the underlying asset affects both an options's covariance beta and its asset pricing beta. Furthermore, the two risk measures coincide if the options are evaluated according to the CAPM option pricing model of [7] . The derived option betas are likely to exhibit a notable economic value. Their utilization might reduce the shortcomings of continuous-time betas applied in empirical studies where the application of discrete-time return measures appears to be more appropriate. Moreover, the option betas are clearly arranged in terms of Black-Scholes option prices and easy to use in practice. 
Appendix B Computation of the CAPM Call Option Price
Computation of
When the planning horizon is shorter that the time-to-maturity, we use the results presented by [13] who obtained the expected value of the call for 0   in terms of a Black--Scholes value of an European-style call as 
Furthermore, we take into account that the call option price in a lognormal market for the case h   can be shown to equal 
